giv (l-^)r = s n , or * = 2^Lj e^-e)/ XThis means that the point O is the vertex of the isosceles triangle whose base is 0'0 n and whose angle at O is 0 if 0 < IT and is 2ir -0 if 0 > 7r. In the former case the sense OO n O is positive, in the latter it is negative. If 9 = TT, the resultant displacement is a reversal (Umwendung) about the midpoint of 0'O n . Tf 0 = 0 (mod 27r) the resultant displacement reduces to the translation s n . If, in particular, the angles of rotation 0", 0"\ ..., # w) are equal, respectively, to the exterior angles of the polygon of centers at 0", 0"', • • -, 0 (n) , the vector s n has, as appears at once from its construction (Fig. 3) , the direction and sense of c n and a length equal to the perimeter of the polygon Ö 0" without, however, referring to the physical aspects of the problem. The purely mathematical problem, then, may be stated as follows :
Evaluate the integral By means of the substitutions
the given integral is transformed into and, after effecting the integration with regard to x, becomes i{\ -a/0(J; + J 2 + J 3 )> where
The integrals J^ and J" 2 are readily evaluated by the ordinary rules. The third integral J~3 apparently offers some difficulties. The integration, however, is very simple and does not even require the introduction of elliptic functions.
In fact, consider the integral
It belongs to a class of pseudo-elliptic integrals discussed by [Feb., Euler,* Raffy,f and Goursat. J Adopting Goursat's method, we have in this case three relations of involution by which the roots of the equation z(z -l)(p 2 -s) = 0 are permuted in pairs. Two of these relations are
On the other hand, if we put where >ito = V=? -*> //*) = * (* ~ 7) > we note that each one of the functions J] and / 2 satisfies a relation, corresponding to one or the other of the tw T o relations of involution given above, viz.,
Hence, § the integral ZT is pseudo-elliptic. At the same time, if we apply the author's reduction formulas given in the pages of this BULLETIN,|| viz., formulas (5) and (6), where we should put m = r = 3, *2n k = s = p = V, and, consequently, q = 1, we find that 
